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Basic setup

Relativistic field theories:
In d = 341 dimensions
Translation + rotation invariant
Have stable thermal equilibrium state

For simplicity 4 = 0, not near critical point

Small fluctuations on top of thermodynamic equilibrium state:
Slowly relaxing d.o.f.: € = T, 7t = TY% = (e+P)v*, p = J°
Obey classical equations — hydrodynamics

Does not depend on microscopic details of the theory



Hydrodynamic fluctuations

(9756 = -—-V.&
e Conservation laws: 0, T*"=0 = . y
oyt = =V ;T
e Constitutive relations:
{ T = §% [(P) + v20e — 7. Vr| — v, (Vind + Vigt — 269Vm) + ...
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e Viscosities n, ( — input from microscopic physics

Shear mode: 7 (t,k) = e~ k"t 71 (0, k)
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Two eigenmodes:
Sound mode: 7T (t, k
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Long-wavelength response is controlled by a small number of kinetic coefficients



Correlation functions in the hydrodynamic limit

Hydrodynamic modes = hydrodynamic singularities at small w, k.

Examplet St:c,tx (wa k) —

Kubo formulas

Connection to microscopic physics: Viscosities can be extracted from

(small-frequency limits of) real-time correlation functions



Physical meaning of viscosity

Example: flow of gas

A Z Internal friction — momentum exchange
.- between layers of fluid
- | o
- - ov
X T, = nN— flux of z-momentum in z-direction
— 0z

Particle number per unit surface per unit time: (nwvgy)
Momentum per unit surface per unit time: (nwvgy,)(mo)
Flux up: nvg,m(vg — lmfp%) , flux down: nvgym(vg + lmfp%),

mog, , (mT)'/?

Ideal gas has infinite viscosity



How viscosity is measured

WEAK COUPLING STRONG COUPLING
T — — _.

T e IR

Prof. J.Maxwell, Mrs.Maxwell, RHIC, many people
(attic, 1860) (Brookhaven, 2000)

Strong coupling is more difficult



How viscosity is computed

(Gases: Kinetic theory

N X (mT)l/ 2 % Density-independent, grows with T°

Plasmas: Boltzmann-Vlasov equation

2
n o< (mT)'/?( 64T1HA) “Coulomb log” Awlgfwegjfz due to small-angle scatt.

Liquids: Complicated: use molecular dynamics

N X exp(%) Typical: decreases with T

Weakly coupled QFT: Boltzmann-Vlasov equation, or resum Feynman diagrams

N
w

N X aip=T (Log absent if no gauge fields)

Non-abelian gauge theories: at T' = T need lattice

Evaluate Euclidean correlators, invert to find real-time spectral functions...
=777
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(Q): Are there any toy models where viscosity can be analytically computed at strong

coupling?

N'=4 supersymmetric Yang-Mills theory, SU(N,), A = g°> N,

Why N=4 SYM?
Dual string description (AdS/CFT correspondence) — allows to compute

correlation functions at strong coupling

What is N=4 SYM?
e Gauge fields + 4 fermions + 6 scalars in adjoint of SU(N,)

e Conformal theory, A is a tunable parameter (does not run)
e Supersymmetric, but SUSY not essential at finite temperature
o c =3P, vs = %, ¢ = 0, at any non-zero temperature

e ¢, P, n are finite in the limit A—o0



AdS/CFT correspondence
(J.Maldacena hep-th/9711200, review: hep-th/9905111)

large N., d=4, N=4 SYM = IIB strings on AdSs x S°

2
A (g—?) string corrections to SUGRA

47 N, < Js String IOOpS

horizon boundary (efh(w)T(x)>ﬁ 1d = Zstring|9(®, 2—0) = h(z)]
Tow(x) < hy(z,2—0)

J,(z) < A, (x,z2—0)

*(

| O s field theory trk“(z) << o(z,2z—0)

AdS, R

strings
g 52 In Zstring [h] 52

AT Tap) ~ =55 shes— ~ Shayehag Dl

z=zp z=0

Duality unproven, but many consistency checks pertormed



How to compute viscosity from AdS/CFT

(G.Policastro, D.Son, A.Starinets hep-th/0104066, hep-th/0205052,
PK, D.Son, A.Starinets hep-th/0405231, PK, A.Starinets hep-th/0506184)

Scl:/d“xdz\/—gg“”@mo@uso:/d4fﬂx/—ggzzso(a?,2)8zso(w,Z)

z—0

f(k, z) satisfies e.0.m.
f(k,z) > 1lasz—0

f(k, z) outgoing as z — zp,
(breaks time-reversal invariance)

Gt (k) ~ 5 f(k, 2)0:f (—k, 2)

z—0

— For G ,5(k), need linearized metric perturbations h,) = coupled ODEs
— Shear viscosity n ~ (TyyTyy,), need hyy(z, 2)
— hY = ¢ (minimal massless scalar), and decouples (true more generally)

— In the hydro limit w/T < 1, |k|/T < 1, can solve analytically

Computing real-time correlation functions in strongly coupled SYM amounts to

solving a wave equation on a background with BH
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Spectral function for stress
(PK, A.Starinets hep-th/0602059, D.Teaney hep-ph/0602044)

| X(w, k) = —2Im Gt (w, k)

TZN2TA zY,TY
x(Ww) ~w, w<2nT

Y(W)—xT=0(w) ~ e, w > 2T

n = %NET?’I

e W = w T3 by conformal invariance, NC2 counts d.o.f.
w R
27T

Spectral function for conserved energy-momentum

th,ta: ((:))

‘ ‘ ‘ ‘ l ‘ ~ 0.5 1 1.5 =
0.2 0.4 0.6 0.8 1 1.2 i w

Hydrodynamic peaks clearly visible in dual classical gravity



Singularities of G™"(w, k)
(A.Nunez, A.Starinets hep-th/0302026, PK, A.Starinets hep-th/0506184)

@)
a2 2 4 N
o Re(w) e Infinite series of poles
o . o w, =2mnT(+1 —i) as n—oo
-3} . e IFor conserved densities, wg—0 as £—0
"4 e Hydro poles agree with Kubo formula
5 Im(&)
Gigita (W) Gif (W)
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Singularities of G™"(w, k) are (quasi)normal modes of the dual gravity background



Universality of 7/s
(PK, D.Son, A.Starinets hep-th/0405231, A.Buchel hep-th/0408095)

e Hydro damping rate is set by n/s
e Shear viscosity n ~ N2, but n/s is finite in the N.—oo limit

At strong coupling:
1
e s = 1s(A=0) [+ O(A=%/?)]
S ......... \S/SO n/s = f [1+O(A3/2)]
1 T /s
2%, S
0 A

e does not depend on the dual gravity background !!!

Conformal invariance, SUSY, 3+1 dimensions — not essential for the universality

n/s = ﬁ for a large class of strongly coupled field theories



Speculation:

Life at low Reynolds number

E M. Purcell
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Thas s = talk that | would not. I'm afraid. have the nerve
to give under any other circumstances. 1y a story I've been
saving up to 1ell Viki. Like so many of you here, I've enjoyed
from time to time the wonderful experience of exploring
with Yiki some part of physics, or anything to which we can
appl) physiir:-. We wander around strictly as ammleurs
squipped only with some elementary physics, and in the end,
it lurns out, we improve our undersianding of the elemen-
tary physics even if we don't throw much light on the other
subjects. Now this is that kind of & subject, but | have still
another reason for wanting Lo, as it were, needle Viki with
it, because I'm going to 1alk for a while aboul viscosity,
Viscosity in u liquid will be the dominant theme here and
you know Viki's program of explaining everything, in-
cluding the heighis of mountains, with the elementary
constants. The viscosity of a liquid is a very tough nut to
crack, as he well knows, because when the siaiT is cooled by
merely 40 degrees, its viscosity can change by a facior
of a million. | was really amazed by Muid viscosity in the
citrly days of NMR, when it turned out that glycerine wits
just what we needed to explore the behavior of spin relax-
ation. And vet if you were a little bug inside the glycerine,
looking around, you wouldn't see much change in your
surroundings as the glycerine cooled. Viki will sy that he
can ai least predict the logarickm of the viscosity. And that,
of course, i correct because the reason vimhy ¢hanggg
is that it's got ane of these activation energy things and what
e can prediet is the order of magnitude of the exponent.
Bul it's mare mysterious than that, Viki, because if you look
ol the Chemical Rubber Handbook tzble you will find that
ihere is almost no hiquid with viscosity much lower than that
of water, The viscosities have o big range but they stop ai
the same place. | don't undersiand thar, That's what I'm
teaving for him.'

MNow, I'm gaing to talk about a world which, as physiciss,
we almost never think about. The physicist hears about
viscosity in high school when he's repeating Millikan's oil
drop experiment and he never hears about it again, ar least
not in what | teach. And Reynolds's number, of course, is
something for the engincers. And the Jow Reynalds number
regime most engincers arcn’l even inferested in—excepl
passibly chemical engineers, in connection with Nuidized
beds, a fascinating topic | heard about from a chemical
enginesring friend at MIT. But | want to take you into the
world of very low Reynolds number—a world which is in-
habited by the overwhelming majority of the organisms in
this room. This world is quite different fram the one thai
we hove developed our intuitions in.

1 might say what got me into this. To introduce something

3 American Joarmal of Physies, Vol 45, Na. 1, Jansary 1977

that will come later, I'm going to tlk partly about how
microorganisms swim. That will not, however, turn out to
be the only important question about them, [ got into this
through the work of 2 former colleague of mine at Hanvard,
Howard Berg. Berg got his Ph.D. with Norman Ramsey,
working on a hydrogen maser, and then he went back into
biology which had been his early love, and into cellular
physiology, He is now at the University of Colorado at
Boulder, and has recently participated in what seems (0 me
one of the most astonishing discoveries about the questions
we're poing to talk about. So it was partly Howard's work,
tracking E. coli and finding out this sirange thing about
them, thit got me thinking about this elementary physics
stuff.

Well, here we go. In Fig. 1, you see an object which is
moving through a flusd with velocity o, It has dimension a.
In Stokes's law, the object is a sphere, but here it's anything:
nand pare the viscosity and density of the Muid. The ratio
of ihe ineriial forces to the viscous forces, as Osbarne
Reynaolds pointed out shightly less than o hundred years ago,
is given by avp /y or av /v, where » is called the kinematic
viscosity. 1t's easier 1o remember its dimensions; for waler,
o= 102 cm?sec. The ratio is called the Reynolds number
and when that number is small the viscous forees dominate.
Now there is un easy way, which 1 didn't realize at first, to
see who should be interested in small Reynolds numbers.
IT you Lake the viscosity v and square it and divide by the
density, you get a force (Fig. 2). No other dimensions come
inatall. n?/p is a force. For water, since g = 10~ and p =
1.n%/p = 10~%dyn. That is a force that will tow anyvrhing,
In?Eur small, with a Reynolds number of order of magni-
tude 1, In other words, if you want io tow a submarine with
Reynolds number | (or strictly speaking, | /67 if it's a
spherical submarine) tow it with 10~4 dyn. Soit's clear in
this case that you're interesied in small Reynolds number
il you're interesied in small forces inan absolute sense. The
only other people who are interested in low Reynolds
number, although they usually don’t have Lo invoke it, are
the geophysicists. The Earth's mantle is supposed 1o have
a viscosity of 102! P. If you now work out 72/ p, the force is
10 dyn. That is maore than 107 times the gravitational force
thai half the Exrth exerts on the other half? So the conelu-
sion i, of course, that in the flow of the mantle of the Earth
the Reynolds number is very small indeed.

Wow consider things thut move through a liguid (Fig, 3)
The Reynolds number for o man swimming in water might
be 107, if we put in reasonable dimensions. For a goldfish
or & tiny guppy it might get down to 10°, For the animals
that we're going to be talking about, as we'll see in a mo-
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Lower bound on shear viscosity?

HEC Cdll Prouict s e oracr ol magniiuac o1 ue EXPUHGI]L
But it’s more mysterious than that, Viki, because if you look
at the Chemical Rubber Handbook table you will find that
there is almost no liquid with viscosity much lower than that
of water. The viscosities have a big range but they stop at
the same place. 1 don’t understand that. That’s what I'm
leaving for him.!

e 1/s> 1 at small coupling

e 7)/s is finite at large coupling

L in SYM

e Natural to assume 77/s > =

universal?

Prove from first principles?

@ ——mmmmD



(Generalizations

e Correction 1/s = 7=[1 + O(537)] known explicitly in N'=4 SYM
(A.Buchel, J.Liu, A.Starinets hep-th/0406264)

e Add mass terms to N=4 SYM (destroys scale invariance, reduces SUSY):
n/s = ﬁ, C/n =~ —4.56(?}3—%) (P.Benincasa, A.Buchel, A.Starinets hep-th/0507026)

e Non-zero chemical potential: n/s = ﬁ in N=4 SYM, does not depend on £

(D.Son, A.Starinets hep-th/0601157, J.Mas hep-th/0601144, K.Maeda, M.Natsuume,
T.Okamura hep-th/0602010)



Photon production from SYM
(PK, A.Starinets, to appear)

5,

4l dl’ k2 nHv
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] bk < o —p mw @ k)|
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1 Thick i i Thin I i fsym ()

I 1C 1mne: 11 line: xr

eT—1 ez_175YM
2 4 6 8 x=k/T

At small x: fsym(w) — const, ImII¥ (w=Fk) ~ k, consistent with hydrodynamics



Summary

Viscosity can be relatively easily computed for some strongly coupled theories
such as N'=4 SYM

Ratio of viscosity to entropy density is 1/47 for a large class of strongly
coupled gauge theories. Lower bound 7/s > ﬁ?

Limitations of the AdS/CFT approach:
— SUSY theories, contain scalar fields
— Conformal in the UV rather than AF
— Fundamental matter Ny < N,

— 1/ corrections doable, 1/N, corrections hard
Search for universal properties of strongly interacting thermal gauge theories

Other questions can be addressed in AdS/CFT: energy loss by a heavy quark,

existence of resonances, photon production, thermalization...

Can AdS/CFT be useful for heavy-ion physics?



